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Abstract
We give a new criterion of quark confinement/deconfinement by deriving
a low-energy effective theory of QCD. The effective theory can explain Abelian
dominance in low-energy physics of QCD, especially, quark confinement. Finally,
we apply the above criterion to the large flavor QCD and discuss its phase struc-
ture. The result suggests the existence of conformal phase.
1. Introduction
The purpose of this talk is to give a new criterion of quark confinement
and to apply this criterion to large flavor QCD for discussing the phase structure.
The new criterion of quark confinement can be derived by combining the Abelian-
projected effective gauge theory of QCD derived by the author [1] and a novel
reformulation of gauge theory (as a deformation of a topological field theory)
proposed recently by the author [2, 3, 4, 5, 6]. For these purposes, the maximal
Abelian (MA) gauge fixing is essential. This is based on the idea of ’t Hooft [7],
Abelian projection. Immediately after this proposal, the hypothesis of Abelian
dominance in low-energy physics of QCD was proposed by Ezawa and Iwazaki
[8]. In the MA gauge [9], actually, Abelian dominance was discovered by Suzuki
and Yotsuyanagi [10] a decade ago based on numerical simulation on a lattice and
has been confirmed by the subsequent simulations by various authors, see [11] for
reviews.
In the paper [1], we have constructed an effective Abelian gauge theory
which is considered to be valid in the low-energy region of QCD. We called it
the Abelian-projected effective gauge theory (APEGT), although this name is
somewhat misleading as will be explained below. Before this work, a number
of low-energy effective gauge theories were already proposed based on the idea
of Abelian-projection. However, we should keep in mind that these models are
c© 2000 by Universal Academy Press, Inc., Tokyo
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constructed by ignoring all the off-diagonal gluon fields from the beginning by
virtue of the Abelian dominance and/or by assuming the Abelian electro-magnetic
duality, even if they can well describe some features of confinement physics in QCD
phenomenologically. In fact, they could not be derived starting with the QCD
Lagrangian. Therefore, one can neither answer how the off-diagonal gluon fields
influence the low-energy physics nor why and how the electro-magnetic duality
should appear from the non-Abelian gauge theory.
In contrast to these models, the APEGT is the first principle derivation of
effective theory from QCD. It was shown that the off-diagonal gluons do affect the
low-energy physics in the sense that off-diagonal gluons renormalize the effective
Abelian gauge theory and let the coupling constant of effective Abelian gauge
theory run according to the renormalization group β-function which is exactly
the same as the original QCD, thereby, exhibiting the asymptotic freedom. In
this sense, the APEGT reproduces a characteristic feature of the original QCD,
asymptotic freedom, even if it is an Abelian gauge theory. Moreover, it was
demonstrated how the dual Abelian gauge theory (magnetic theory) can in prin-
ciple be obtained in the low-energy region of QCD. In fact, monopole condensation
leads to a dual Ginzburg-Landau theory supporting the dual superconductor pic-
ture of QCD vacuum. On the other hand, a version of the non-Abelian Stokes
theorem shows that the Wilson loop operator can be expressed in terms of di-
agonal gluon fields, see e.g. [12]. Combining these results, we can explain the
Abelian dominance in quark confinement.
2. QCD in Maximal Abelian gauge
We consider the Cartan decomposition of the gauge potential into the
diagonal and off-diagonal parts,
Aµ(x) = A
A
µ (x)T
A = aiµ(x)T
i + Aaµ(x)T
a, (1)
where A = 1, · · · , N2 − 1 and i = 1, · · · , N − 1 for the gauge group G = SU(N).
Then we define the functional,
R[A] :=
∫
d4x
1
2
Aaµ(x)A
a
µ(x). (2)
The maximal Abelian (MA) gauge is obtained by minimizing the functional R[AU ]
w.r.t. the local gauge transformation U(x) of Aaµ(x). Then we obtain the differ-
ential form of the MA gauge,
∂µA
a
µ − gf
abiaiµA
b
µ := D
ab
µ [a]A
b
µ = 0. (3)
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This is nothing but the the background-field gauge with the background field aiµ.
After the MA gauge is adopted, the original gauge group G = SU(N) is broken to
the maximal torus group H = U(1)N−1. The MA gauge is a partial gauge fixing
which fixes the gauge degrees of freedom for the coset space G/H .
The action of QCD in the MA gauge is given by
S := SYM + SGF+FP + SF , (4)
SYM =
∫
d4x
−1
4
FAµνF
µνA, (5)
SGF+FP = −
∫
d4xiδB[C¯
a(Dµ[a]A
µ +
α
2
B)a], (6)
SF =
∫
d4xΨ¯iγµ(∂µ − igAµ)Ψ, (7)
where δB is the BRST transformation and α is the gauge fixing parameter. The
gauge fixing for the residual symmetry H will be discussed below.
3. APEGT as a low-energy effective theory of QCD
In order to obtain the effective theory which is written in terms of the
diagonal fields ai, Bi, C i, C¯ i alone, we intend to integrate out all the off-diagonal
fields Aa, Ba, Ca, C¯a. We call such an effective field theory obtained in this way the
abelian-projected effective gauge theory (APEGT). That is to say, the APEGT
is defined as
ZQCD :=
∫
[dAAµ ][dC
A][dC¯A][dBA] exp(iSQCD)
=
∫
[daiµ][dC
i][dC¯ i][dBi] exp(iSAPEGT ). (8)
where
exp(iSAPEGT ) =
∫
[dAaµ][dC
a][dC¯a][dBa] exp(iSQCD). (9)
In the process of deriving the APEGT, we have introduced the anti-symmetric
auxiliary tensor fieldBµν to avoid the difficulty caused by the quartic self-interactions
among the off-diagonal gluons. Here Bµν is invariant under the residual gauge
transformation H = U(1)N−1. First of all, we have integrated out Aaµ and B
a and
obtained
L = −
1 + za
4g2
f iµνf
µνi −
1 + zb
4
g2BiµνB
µνi +
zc
2
Biµν f˜
µνi
+ iC¯aDµ[a]
acDµ[a]
cbCb + (ghost self − interaction terms)
+ (higher− derivative terms) (10)
where f iµν is the Abelian field strength f
i
µν := ∂µa
i
ν−∂νa
i
µ and f˜
i
µν is the Hodge dual
of f iµν . This result shows that the off-diagonal gluons can not be ignored and that
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they influence the APEGT in the form of renormalization of the Abelian theory. In
fact, the renormalization factors za, zb, zc are given by za = −
20
3
N g
2
(4pi)2
ln µ
µ0
, zb =
+2N g
2
(4pi)2
ln µ
µ0
, zc = +4N
g2
(4pi)2
ln µ
µ0
. In what follows we neglect the higher-derivative
terms because we need the low-energy effective theory. Moreover, we take into ac-
count a term iC¯aDµ[a]
acDµ[a]
cbCb for a moment leaving the ghost self-interaction
terms untouched. This term leads to an additional renormalization for the Abelian
field strength as, ∫
[dCa][dCa] exp{i
∫
d4xiC¯aDµ[a]
acDµ[a]
cbCb}
= exp[ln det(Dµ[a]Dµ[a])] = exp{i
∫
d4x
zd
4g2
f iµνf
µνi}. (11)
Thus we obtain the effective theory,
L = −
1
4g2(µ)
f iµνf
µνi −
1 + zb
4
g2BiµνB
µνi +
zc
2
Biµν f˜
µνi
+ (ghost self − interaction terms) + (higher− derivative terms) (12)
where we have defined g(µ) := Z1/2a g with Za := 1− za + zd = 1+
22
3
N g
2
(4pi)2
ln µ
µ0
.
A remarkable fact is that the gauge coupling constant g(µ) runs according to the
same β-function as the original Yang-Mills theory,
β(g) := µ
dg(µ)
dµ
= −b0g
3(µ), b0 =
11
3
N > 0. (13)
For G = SU(2), this fact was first shown by Quandt and Reinhardt [13] for
α = 0 and subsequently by myself [1] for α 6= 0. The generalization to SU(N) is
straightforward. So the APEGT is an effective Abelian gauge theory exhibiting
the asymptotic freedom. The Biµν field is important to derive the dual Abelian
gauge theory which leads to the dual superconductivity. But we don’t discuss this
aspect, see [1]. The effect of dynamical quarks can be included into this scheme
by integrating out the quark fields. It results in further renormalization leading
to the β-function with b0 =
11
3
N − 4
3
frF where f is the number of quark flavors
and rF is the dimension of fermion representation.
In the MA gauge, it is believed that the off-diagonal gluons become mas-
sive, while the diagonal gluons behave in a complicated way. The massiveness of
off-diagonal gluons has been confirmed by Monte Carlo simulations on a lattice
[14]. An analytical explanation was given at least in the topological sector based
on the dimensional reduction of the topological sector to the two-dimensional
coset G/H nonlinear sigma (NLS) model [2]. In view of this fact, the integration
of massive off-diagonal gluon fields can be interpreted as a step of the Wilso-
nian renormalization group. In this sense, the APEGT obtained in this way is
regarded as the low-energy effective theory describing the physics in the length
scale R > m−1A or in the low-energy region p < mA.
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4. A novel reformulation of compact Abelian gauge theory
Although the Lagrangian of APEGT is apparently written in the non-
compact form, it should be regarded as a compact Abelian gauge theory based
on the compact Abelian group H , since H is embedded in the compact non-
Abelian group G. The compact U(1) theory can have the topological nontrivial
configuration as suggested from pi1(U(1)) = Z = 0,±1,±2, · · · which corresponds
to the winding number of the ”path” around the circle S1. Unfortunately, we
don’t know any direct or explicit representation for the continuum version of
compact or periodic Abelian gauge theory, while the lattice formulation is well
known, e.g., Wilson, Villain and so on. So, we try to incorporate at least the
topological nontrivial contribution via the gauge fixing term based on [3]. We
separate the degrees of freedom via the compact U(1) gauge transformation of
the Abelian gauge potential as
aµ(x) = vµ(x) + ωµ(x), ωµ(x) :=
i
g
U(x)∂µU
†(x), U(x) = eiϕ(x) ∈ U(1), (14)
where we identify vµ(x) with the topological trivial (perturbative) piece and ωµ(x)
with the topological nontrivial (non-perturbative) piece. The partition function
is rewritten into the form,
Z =
∫
[dU ][dB][dC][dC¯] exp(iSTFT )
∫
[dvµ][dB˜][dC˜][d
¯˜C] exp(iSp), (15)
where
Sp =
∫
d4x{−
1
4
(∂µvν − ∂νvµ)
2 − iδ˜B[
¯˜C(∂µv
µ +
α
2
B˜)]}, (16)
STFT =
∫
d4xiδB δ¯B(
1
2
ωµω
µ + iCC¯). (17)
Here δB(δ¯B) is the BRST (anti-BRST) transformation for the fields ωµ, B, C, C¯
in the topological sector,
δBωµ = ∂µC, δBB = 0, δBC = 0, δBC¯ = iB, (18)
δ¯Bωµ = ∂µC¯, δ¯BB¯ = 0, δ¯BC = iB¯, δ¯BC¯ = 0 (19)
where B + B¯ = 0. On the other hand, δ˜B is the BRST transformation for
vµ, C˜,
¯˜C, B˜ in the perturbative non-topological sector.
δ˜Bvµ = ∂µC˜, δ˜BC˜ = 0, δ˜B
¯˜C = iB˜, δ˜BB˜ = 0. (20)
For the topological trivial sector, we adopt the Lorentz gauge ∂µv
µ = 0. For the
topological nontrivial sector, on the other hand, we adopt the special choice which
is similar to the MA gauge in its form (but the meaning is quite different).
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By making use of the superspace formalism due to Bonora and Tonin
[15], we can translate the topological sector into the OSp(4|2) invariant form
[2]. In this sense, the topological sector has a hidden supersymmetry. Hence the
dimensional reduction a la Parisi and Sourlas [16] takes place. As a result, the
topological sector reduces to the O(2) NLSM in two dimensions [3]. Then we have
the equivalence,
ZYM ∼= ZAPEGT = ZTFTZp = ZO(2)NLSZp, (21)
where the O(2) NLS model is given by
ZO(2)NLS =
∫
[dU ] exp(−SO(2)), SO(2) :=
pi
g2
∫
d2z∂µϕ(z)∂µϕ(z), (22)
Here [dU ] is a Haar measure and ϕ(z) is the periodic angle variable for U(1). Hence
the theory is not a free scalar theory due to periodicity. The equation of motion,
∇2ϕ(z) = 0 (mod 2pi) has a solution of the type, ϕ(z) =
∑
iQiIm ln(z−zi) which
has isolated singularities with a vorticity Qi at z = zi. Taking into account the
vortex configuration, the O(2) NLSM is rewritten into the neutral (
∑
iQi = 0)
Coulomb gas,
ZO(2)NLS =
∞∑
n=0
ζn
(n!)2
∫ n∏
j=1
d2zj exp

(2pi)2β∑
i,j
QiQj
1
2pi
ln
R0
|zi − zj |

 , (23)
where β := 2pi/g2YM and ζ = exp(−S
(1)) is the fugacity coming from the self-
energy (action) of vortices S(1). It is known [18] that the Coulomb gas is equivalent
to the sine-Gordon model in two dimensions. A pair of vortex and anti-vortex
forms a dipole. It is known that the weak coupling phase (2piβ > 4 ,i.e., gYM < pi)
is an ordered phase of dipoles, whereas the strong coupling phase (gYM > pi) is
the disordered phase where the dipole melts and free vortices form a plasma. The
Wilson loop integral
∮
C dx
µωµ =
2pi
g
∑
iQi is given the sum of the vorticity of
each vortex which is inside the Wilson loop has. The ordered phase corresponds
to the deconfining phase, since the sum of vorticities is zero. In the disordered
phase the Wilson loop can have a area law [3]. A phase transition separating
two phases occurs, although there is no local order parameter for this transition
in agreement with Coleman’s theorem [17]. The phase transition is called the
Berezinskii-Kosterlitz-Thouless (BKT) transition [19]. Therefore, we conclude
that the APEGT has a strong coupling confining phase for α(µ) :=
g2
YM
(µ)
4pi
> pi
4
.
The running coupling constant increases monotonically as the energy scale µ
decreases and eventually reaches the critical coupling αc at sufficiently low energy
or sufficiently long distance. Hence we propose a criterion of quark confinement,
α(µ) > αc =
pi
4
. (24)
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Fig. 1. Conjectured phase diagram of large flavor QCD with Nc colors and Nf
flavors.
5. Large flavor QCD
The RG β function in SU(N) QCD with f quark flavors is given by
β(α) := µ
∂α(µ)
∂µ
= −c0α
2 − c1α
3 +O(α4), (25)
c0 = −
1
3pi
(f − f0), f0 :=
11
2
N, (26)
c1 = −
13N2 − 3
24pi2N
(f − f1), f1 :=
34N3
13N2 − 3
. (27)
Fixing the number of colors N , we find three characteristic behaviors depending
on the number of flavors f :
(a) f > f0 (c0 < 0, c1 < 0): non asymptotic free (IR free) and α(0) = 0;
(b) f0 > f > f1 (c0 > 0, c1 < 0): A nontrivial IR fixed point exists at α = α
∗ :=
−c0/c1. Hence α(0) = α
∗;
(c) 0 ≤ f < f1 (c0 > 0, c1 > 0): asymptotic free and α(0) =∞.
Note that α∗ increases as f decreases in case (b). So, the confinement is realized
below a critical number of flavors fc such that α
∗ ≥ αc. Therefore the critical f
is given by
fc(N) =
2(22pi + 17Nαc)N
2
8piN + (13N2 − 3)αc
. (28)
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For N = 3, the critical coupling αc =
pi
4
happens to coincide with the critical
coupling of chiral symmetry breaking obtained by the Schwinger-Dyson equation
within the ladder approximation,
αχ =
2N
N2 − 1
pi
3
. (29)
The spontaneous breaking of chiral symmetry occurs when α(0) > αχ. Thus we
have fc(3) = 12 for N = 3. The obtained phase structure is consistent with the
numerical result on a lattice [20] at least qualitatively, although the lattice results
suggests a little bit smaller value, fc(3) = 6. This critical value can be lowered at
least to fc(3) ∼= 10 using the ’t Hooft renormalization scheme in which the two
loop result is exact. For large colors N > 3, the naive estimate shows that the
chiral symmetry breaking occurs already at somewhat larger flavor fχ than fc at
which the confinement takes place. In such a case, we must modify the above
argument on confinement, since we have used the β-function which is calculated
for the massless quark. Once the chiral symmetry is spontaneously broken, the
quark acquires a non-zero mass and hence the quark does not contribute to the
β-function below this mass scale. Below fχ, confinement will be realized. See
Fig.1.
6. Conclusion and discussion
We have derived a low-energy effective theory of QCD by integrating out
off-diagonal gluon fields and quark fields in the MA gauge. The resultant theory
(APEGT) is the Abelian (compact) gauge theory with a running coupling con-
stant governed by the same β-function as the original QCD. The APEGT can
explain the Abelian dominance in quark confinement. By making use of a novel
reformulation of gauge theory, we derived a new criterion of quark confinement
in QCD.
Then we applied this criterion to large flavor QCD and given a schematic
phase diagram of QCD with N colors and f quark flavors. The resultant phase
diagram is similar to that obtained by Appelquist, Terning and Wijewardhana
[21] by taking into account the chiral symmetry breaking/restoration. In sharp
contrast with their approach, we have taken into account the quark confinement to
derive the phase diagram. However, our treatment of chiral symmetry breaking is
still insufficient in the sense that we can not treat the chiral symmetry breaking
and quark confinement on equal footing. Our result suggests the existence of
conformal phase when f0 > f > fc without losing the asymptotic freedom. The
existence of an essential singularity in the conformal phase transition claimed in
[22] is compatible with our result, since the BKT transition exhibits the essential
——9
singularity, e.g,
m ∼ Λ exp[−c(α∗/αc − 1)
−1/2]. (30)
Our analysis suggests that confinement without chiral symmetry breaking might
be possible for small color N = 2. Anyway, we need to analyze the quark con-
finement and chiral symmetry breaking in the same framework. I hope to report
any progress in this direction in near future.
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